We study the transient heat current out of a confined electron system into a weakly coupled electrode in response to a voltage switch. We show that the decay of the Coulomb interaction energy for this repulsive system exhibits signatures of electron-electron attraction, and is governed by an interaction-independent rate. This can only be understood from a general duality that relates the non-unitary evolution of a quantum system to that of a dual model with inverted energies. Deriving from the fermion-parity superselection postulate, this duality applies to a large class of open systems.
Energy decay due to heat currents is of key importance in the continued downscaling of electronic devices [1] . The quantum [2] [3] [4] [5] [6] and interaction effects [7] [8] [9] that arise on the nanoscale give rise to new possibilities [10] [11] [12] [13] and motivate both fundamental [14] and application oriented [3, 4, 8, 13, 15 ] studies on quantum heatengines, possibly realized in, e.g., cold atoms, trapped ions, or quantum dots. The successful control and exploitation of heat in nanodevices requires both a fundamental understanding and the practical ability to detect and manipulate few-electron heat currents. Under stationary conditions, progress has been achieved using various approaches [16] [17] [18] , including heat transfer through molecular-scale devices [19] with electrostatic gating [20] . However, any device is eventually adjusted by some external agent that provokes a time-dependent response. In the context of electronic heat currents, this raises a very basic question that, despite recent promising theoretical [21] [22] [23] [24] [25] [26] [27] and experimental [28] [29] [30] studies, has not been answered so far: how does a small electron system, typically governed by a strong level-quantization and Coulomb interaction, dissipate in time its stored energy into a coupled electronic bath?
The essence of time-dependent transport in such systems is already captured by the simple model sketched in Figs. 1(a,b) . Here, an instant energy shift of a single electronic orbital in a quantum dot leads to a timedependent charge current I N (t) [31, 32] and heat current I Q (t) into a tunnel-coupled electrode. In the weak coupling regime, expressions for these currents can be calculated straightforwardly, and in the case of the transient charge current I N (t) also allow for an intuitive physical understanding [33] . This is, however, not the case for the heat current I Q (t) = a c e −γct +a p e −γpt . Compared to the charge current I N (t) ∝ e −γct , the heat current contains a second decay mode. The mere presence of this mode can be expected: it originates from the dissipation of the Coulomb energy. However, what is quite remarkable is that its rate γ p turns out to be completely independent of the interaction strength U [34] [35] [36] [37] -despite entering the heat current only as a consequence of the interaction. Even more surprisingly, as indicated by the blue dashed line in Fig. 1(e) , both excitation amplitudes, a c and a p , show an abrupt change at an energy typically associated with electron-electron attraction [38] , even though we are dealing with a system governed by repulsive interaction. As we will show, both surprising effects have a fundamental origin and they can occur in a broad class of systems.
The difficulty in explaining the counter-intuitive observations in the heat current ultimately stems from the non-unitarity of the dynamics of open quantum systems. In closed systems, the hermiticity of the Hamiltonian implies that its left and right eigenvectors are simply adjoint to each other. Thanks to this property, the amplitude with which an energy eigenstate enters the full time evolution of the system is simply given by the overlap between this eigenstate and the initially prepared state. For dissipative open systems, a similar and equally insightful relation for the amplitudes of the decay modes is not known. Yet, such a relation would be extremely valuable, not only for the understanding of the transient heat-current in Fig. 1 , but also for a broad class of other dynamical problems, ranging from qubit dynamics to molecular electron-transfer.
In this Rapid Communication, we identify a duality relation between decay modes and amplitudes. This duality applies to all open fermionic systems that can be modeled by a Hamiltonian H tot = H + H R + H T with an arbitrary local Hamiltonian H and (a) effectively noninteracting, wide-band fermionic reservoirs H R , with a coupling H T that is (b) bilinear in the fermion fields and (c) energy-independent, but otherwise arbitrarily strong. Under these very general assumptions, the duality emerges mainly as a consequence of the fermion-parity superselection postulate of quantum mechanics [39] [40] [41] [42] , by which states with even and odd fermion number cannot be superposed. Applied to the system shown in Fig. 1 , it explains in full detail the poorly understood heat decay.
Mode-amplitude duality for open systems. An open quantum system is most naturally described in terms of its reduced density matrix ρ(t), whose equation of motion is ∂ t ρ(t) = −i[H, ρ(t)] + t 0 dt W(t − t )ρ(t ) [with = k B = e = 1]. The kernel W takes into account the coupling to the external reservoirs [43] [44] [45] [46] that causes ρ(t) to decay. Introducing the Laplace transform of W, W (ω) = ∞ 0 dte iωt W(t), the decay dynamics can be expressed in terms of the frequency(ω)-dependent right eigenvectors of W (ω), the decay modes. The decay amplitude for each mode is determined by the overlap between the initial state ρ 0 and the left eigenvector of W (ω) for the same eigenvalue, the amplitude covector. Since W is non-Hermitian, left and right eigenvectors are not simply each others' adjoint. However, under the very general assumptions stated above, we can prove that the vectors are still linked by the duality relation W (ω; H, H T , {µ}) † = −Γ + PW (ω;H,H T , {μ})P.
The physical consequences of Eq. (1) arise from the three operations it involves: (i) a constant shift by Γ -the lumped sum of constant couplings characterizing H T ; (ii) the fundamental transformation P, which multiplies an operator by the fermion-parity operator (−1) N := e iπN with local fermion-number operator N ; (iii) a parameter substitution in the original model, which constructs a dual model with inverted local energiesH := −H, a dual couplingH T := iH T to reservoirs with dual chemical potentialsμ := −µ at dual frequencyω := iΓ − ω * , but with same Hamiltonian H R and temperature T . The duality Eq. (1) therefore links in a nontrivial way the left eigenvectors of W to those of W † , which are in turn the right eigenvectors of W for the dual model. The physics behind the derivation of Eq. (1) is summarized at the end of the paper, and the proof is given in [47] . In the following, we apply the duality to the transient dynamics of the system depicted in Figs. 1(a,b) , and show that it provides the key insight to interpret the remarkable features of the heat current.
Transient dynamics. The system of interest is a spindegenerate single-level quantum dot with Hamiltonian 
Here, c kσ is the field operator for reservoir electrons with spin σ, orbital index k, and energy k,σ , while τ k,σ is the tunnel amplitude. The grand-canonical reservoir state is ρ R = e
In the wide-band limit, the tunnel coupling is characterized by Γ σ = 2π k δ(ω − k )|τ k,σ | 2 , assumed ω-independent, with total strength Γ := σ Γ σ and Γ ↑ = Γ ↓ = Γ/2 in our spin-independent case.
We consider the regime of high-temperature and weakcoupling to the electrode Γ T , and the response to a sudden shift of the level position 0 → at t = 0, due to, e.g., a switch of the gate-voltage. Immediately after the level shift, the dot state equals the initial state ρ 0 before the shift. At later times t > 0, the density operator ρ(t) of the dot obeys the Born-Markov master equation
where W = ij W ij |i)(j| for i, j = 0, 1, 2. Here and below, we write an operator x as |x) := x, and its covector acting on an argument • as (x|• := Tr x † • [48] . The basis vectors denote unit-trace physical-state operators 1 with 0, 1 and 2 electrons: |0) := |0 0|, |1) := For t > 0, a standard way of solving Eq. (2) proceeds by expanding ρ(t) in the right eigenvectors of W -the decay modes -and obtaining their coefficients from the corresponding left eigenvectors -the amplitude covectors:
= |z)(z |ρ 0 ) + e −γpt |p)(p |ρ 0 ) + e −γct |c)(c |ρ 0 ).
We denote the eigenvalues of W by −γ x , where γ x is a positive decay rate for x = c, p. Since the system reaches a unique stationary state lim t→∞ |ρ(t)) = |z), one eigenvalue of W is 0.
To explicitly calculate the rates and vectors in Eq. (3), one can now straightforwardly determine the left and right eigenvectors of the 3 × 3 matrix representing W . However, this does not give any systematic, physical insight into how the excitation amplitudes and rates of the decay modes are related. As we illustrate in the following, the duality Eq. (1) does provide such insight. In the Born-Markov approximation, we expand Eq. (1) to linear order in Γ, and take the limit ω, iΓ → i0 in the frequency arguments. This yields 2 W † = −Γ − PIW IP, where I denotes the parameter substitution that constructs the dual model: µ → −µ, → − and, importantly, U → −U . For a known mode |x) = x with decay rate γ x , application of this relation to PI|x) determines an amplitude covector (y |• with
The key result Eq. (4) cross-links left and right eigenvectors with different rates. For our model, it allows to physically relate all the rates and vectors in Eq. (3). First, the zero eigenvector of W is simply the trace-normalized stationary equilibrium state |z) = e −(H−µN )/T /Z of the quantum dot with Z( , U, µ) = Tr e −(H−µN )/T . Its amplitude in Eq. (3) is (z |ρ 0 ) = 1, since probability conservation (Tr ρ(t) = 1) for all times t requires that the left eigenvector associated with the zero eigenvalue is (z | = (1|. The mere existence of this left zero eigenvector implies by duality (4) that there is a maximal [47] rate γ p = Γ which depends only on the bare tunnel coupling, and whose mode is given by the fermion-parity operator:
Analogously, the parity amplitude-covector is found by applying Eq. (4) to the stationary mode |z), giving
It contains z i = Iz = z(− , −U, −µ), the stationary state of the dual quantum-dot model with attractive interaction obtained by the parameter substitution I, i.e, by inverting the energies as illustrated in Fig. 1(c) . Therefore, we call |z i ) the inverted stationary state. Finally, the charge-decay rate is self-dual,
Its amplitude and mode (see [47] ) are thus also connected by the fermion-parity and the dual model:
† . The existence of a decay mode with a rate Γ that surprisingly only depends on the bare coupling was pointed out in previous works [33] [34] [35] [36] [37] . However, it was not understood where the independence from all physical attributes except the "interface" property Γ stems from. The duality (4) sheds an entirely new light onto this problem. It shows that the constant decay rate Γ is fixed by the fundamental requirement of probability conservation, via the duality based on the fermion-parity superselection principle. Moreover, the duality relates the complete decay dynamics to the stationary state |z i ) of the attractive dual model, as seen most explicitly in (p | = ((−1) N z i |. It is this relation to the dual model which dictates the amplitudes in the heat decay.
Heat decay. We now apply the results derived above to study the transient heat current out of the dot after a sudden switch of the level position 0 → . In the Born-Markov limit, we can evaluate this heat current [47] as I Q (t) = −∂ t (H − µN |ρ(t)), with ρ(t) given in Eq. (3), and all its ingredients obtained by the duality Eq. (4). This way, one not only finds the announced double-exponential form of the heat current, I Q (t) = a c e −γct + a p e −γpt . Importantly, the amplitudes
can now also be expressed entirely in terms of quantities with a clear physical meaning: assuming that the dot is initially in the stationary state |ρ 0 ) = |z( 0 )) with initial level position 0 , the occupation number of the dot N 0 = (N |ρ 0 ) and the parity p 0 = ((−1) N |ρ 0 ) in the initial state carry all dependence on 0 , as expected. However, the dependence on the final level position enters not only through the stationary occupation N z = (N |z), but also through the occupation N i = (N |z i ) and parity
N |z i ) of the inverted stationary state, governed by attractive interactions. To illustrate the consequence of this dependence, we plot the amplitudes a c , a p in Figs. 1(d,e) for a level switch 0 → . Most prominently, both a c and a p exhibit a very sharp, large change when tuning the final level through − µ = −U/2. As revealed by Eqs. (7)- (8), the reason for this jump is that all terms in the heat current which relate to the Coulomb energy dissipation, i.e., the parity amplitude a p and the correction ∝ U in a c , are governed by the dual stationary occupation number N i . An attractive interaction, which here enters through the dual model, is well known [38] to force N i to jump directly from 0 to 2 at − µ = −U/2, avoiding N i = 1 and keeping an even parity p i = +1. By contrast, a sweep of the initial level 0 − µ causes the initial charge to traverse N 0 = 0, 1, 2, and the parity to alternate, p 0 = 1, −1, 1. This yields sharp changes of a p and a c at the expected energies for a repulsive system, the two Coulomb resonances 0 − µ = 0 or −U . We stress that while the end result for I Q (t) also follows from a straightforward calculation of left-and righteigenvectors of W , it does not lead to an equally concise, physically-motivated form of a p and a c . Most importantly, the peculiar dependence of these amplitudes is only revealed by the duality.
Another notable feature of Figs. 1(d,e) is that the parity mode dominates I Q (t) whenever it is excited: in the red areas in Fig. 1(e) , its amplitude assumes the constant, maximal value a p = ΓU , whereas |a c | 1 2 ΓU [47] in Fig. 1(d) . This offers an interesting possibility of experimentally accessing the decay dynamics of the parity mode. Measuring γ p is a non-trivial task, since the parity mode |(−1) N ) does not enter single-particle observables like the average charge current, which indeed decays at a single rate:
Methods to detect γ p have been proposed in Refs. [34, 37] , by coupling the dot to a quantum point-contact or a sensor quantum-dot. Figs. 1(d,e) show that the heat current provides a very natural and more direct way to gain this information. In fact, I Q (t) can be obtained using a pumpprobe scheme by extending well-established techniques of mesoscopic charge detection [49, 50] . By measuring the rise of the stationary electrode temperature as a function of the delay time, one can extract the full time-resolved heat current. Simultaneous measurement of the charge current then allows to demonstrate -without fittingthe predicted constancy of the rate γ p = Γ as well as the attractive-interaction signature of a p , as sketched in [47] .
An important insight for this kind of experiments is provided again by the duality and is illustrated in Figs. 1(a-c) . For U T , the amplitude a p ≈ (z i |ρ 0 )U Γ essentially equals the overlap of the initial state with the inverted stationary state. To infer which switch excites the parity mode, one can thus proceed as follows: given the targeted final level position , one calculates the stationary state of the attractive dual system, |z i ( )), and chooses the initial level position 0 such that the initially prepared state |ρ 0 ) = |z( 0 )) has the same occupation as |z i ( )).
In such measurements of the heat current, one can resolve in time that two sequentially tunneling electrons carry equal charge but different energy. (Only for U = 0, the heat current is simply "tightly coupled" to the particle current [13] , I Q ∝ I N since a p = 0.) For example, for an initially doubly occupied dot and a switch expelling both electrons -the situation at the cross in Figs. 1(d,e) -the heat current simplifies to I Q (t) ≈ ( − µ)I N (t) + U Γe −γpt . While the excess orbital energy − µ is carried by each of the two electrons tunneling out, the charging energy U is dissipated already with the first electron. Notably, when switching to one of the two Coulomb resonances -e.g., at the open circle in Figs. 1(d,e) -the heat-current is even entirely due to the tunneling of the first particle, taking place on the shortest, temperature independent time-scale Γ −1 . General duality. We conclude by discussing the main physical principles behind the general duality relation Eq. (1). The derivation of Eq. (1) is technical but straightforward 3 if one uses the insights established in [35, 36] . The main point is that in the wide-band limit, the best reference solution for a perturbative calculation of the dynamics is not the uncoupled solution (H T = 0), but rather the exact solution of the coupled system in the limit of infinite temperature T → ∞. With respect to this solution, the propagator Π(t) for the density matrix of the system, ρ(t) = Π(t)ρ 0 , needs to be expanded in terms of only part of the coupling, as a consequence of the fermion-parity superselection principle [35, 36] . What is crucial for the result Eq. (1) is that the adjoints of the operators occurring in this simpler expansion can always be expressed in parity operations [47] . This allows to derive order-by-order the time-propagator duality Π(t; H, H T , {µ}) † = e −Γt PΠ(t;H,H T , {μ})P. This is equivalent to Eq. (1) and holds under the general conditions stated in the introduction, i.e. it applies also to nontrivial low-temperature, strong-coupling, nonequilibrium regimes of complex multi-level fermionic systems. In the commonly used expansion about the uncoupled system (H T = 0), the duality remains completely elusive. Extending the duality beyond the wide-band limit is challenging but seems possible using [35, 36] .
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Golden-rule transition rates
In the main article, the master equation [Eq. (2)] is written in abstract form to enable the fermion-parity duality analysis in its clearest formulation using operators rather than matrix representations. Here we give the explicit form in terms of occupation probabilities, which may be more familiar. To this end, one represents the density operator in the orthogonal basis of physical states i = 0, 1 or 2 electrons, i.e., the positive operators with unit trace [(1|i)]: |0) := |0 0| (pure), |1) := 1 2 σ |σ σ| (mixed), and |2) := |2 2| (pure). Inserting a completeness relation i |i)(i|/(i|i) = 1, accounting for the non-unit scalar product (1|1) = 1 2 , the density operator reads |ρ(t)) = i |i)P i with P i := (i|ρ(t))/(i|i) being the physical occupations of state i = 0, 1, and 2. Similarly, inserting a completeness relation to the left and right of W , we can express the kernel in terms of state transition rates:
where W ij is the rate for a transition from state |j) to state |i). Substituted into the abstract equation ∂ t |ρ(t)) = W |ρ(t)), we obtain the usual master equation for the probabilities
The notation for the Fermi functions has been adopted from the main article:
. Notably, the matrix elements are given by W ij · (j|j), and hence include the normalization of the state |j). In the second column of the matrix in Eq. (S-2), this yields 1/2 times the corresponding expansion coefficients W i1 . Physically, this factor 1/2 is caused by the spin-degree of freedom which is "integrated out" by working with the mixed basis state |1) = 1 2 σ |σ σ|. The point is that the rate for each elementary tunnel process between states of a fixed spin is 1 2 Γ = Γ σ . For example, in the formula
, the first contribution reflects that the i = 0 electron state can decay in two ways to the i = 1 electron state which comprises of two spin states; the second term instead expresses that a state with only i = 1 electron and a fixed spin has only one channel to decay to the i = 0 state.
Finally, we note that the coefficients W 20 = W 02 = 0, since W is evaluated only to leading, linear order in the tunneling strength Γ. The reason is that W 20 and W 20 are associated with electron-pair tunneling, and thus become nonzero only in the next-to-leading order (Γ 2 ), see Ref. [1] .
Eigenvectors of the kernel
In the main article, we briefly sketch how to use the duality Eq. (4) in order to derive the left and right eigenvectors of the kernel W . However, since the main article does not provide explicit expressions for all vectors, in particular for the charge mode |c) and its amplitude covector (c ′ |, we here give a full list of all rates γ x (minus the eigenvalues of W ) and eigenvectors |x), (x ′ | for x = z, p and c. As stated in the main article, the kernel must conserve probability and has a unique stationary state. This implies the existence of only one zero eigenvalue with its corresponding left and right eigenvector:
Note that the stationary state |z), given by the Boltzmann factor z = e −(H−µN )/T / Tr e −(H−µN )/T , has been expressed in terms of the Fermi functions, f ± , and in terms of the above defined basis states for zero, single and double occupation: |0), |1), |2).
Next, we apply the duality (4) to (z ′ | and |z) in order to obtain the fermion-parity rate γ p , its mode, and the amplitude covector:
The state |z i ) is the inverted stationary state of the dual model, obtained by the energy inversion operation I which effects H → −H (ǫ → −ǫ and U → −U ) and µ → −µ. In the paper, we simply express it as the energy inverted Boltzmann factor z i = e +(H−µN )/T / Tr e +(H−µN )/T . Here, this energy inversion is reflected by swapping f + ↔ f − in the stationary state |z), as written in Eq. (S-3). This proves in particular that |z i ) is a physical state with non-negative occupation probabilities. Finally, the charge mode |c) and its covector (c ′ | follow, up to a constant normalization factor, from biorthogonality to (z ′ | and (p ′ | as well as |z) and |p). We find
Since the duality (4) holds for any exisiting mode or covector, the charge mode |c) must necessarily be related to the amplitude vector (c ′ |, and the charge rate must be self-dual. In accordance, we find γ c = Γ − Iγ c and
The additional factor 2 is the freely chosen normalization factor, which can be motivated as follows: by explicit calculation, one can show that (A|p) = (A|(−1) N ) = 0 for any operator A that is not at least quartic in the dot field operators d σ , d † σ . This means that the parity mode |p) only enters the time-dependent decay of twoparticle quantities, implying that |c) is the only mode that affects the time evolution of single-particle observables. Since the charge number N is the only relevant single-particle observable of our system, the amplitude (c ′ | must be related to the charge N , and thereby motivates the choice of a normalization factor which yields (c ′ | = (N | − N z (1|. Biorthonormality then also fixes the normalization of the mode vector |c).
Why is the fermion-parity rate the highest rate? [Eq. (5)]
In the main article, we mention that for any system that obeys the general duality relation (1), the parity rate given by the lumped sum of coupling constants Γ is the largest decay rate in the Born-Markov limit. This deserves some comments. We restrict our discussion a to master equations, i.e., problems for which only the diagonal part of the density operator in the energy (H) basis needs to be considered together with the corresponding blocks of the kernel W . In this case, the duality relation Eq. (4) dictates Γ to be the highest rate due to the following argument: for any mode x with rate γ x , there must be another mode y with γ y = Γ − Iγ x . Applying the parameter substitution I of Eq. (4) of the main article and using that two substitutions cancel (I 2 = 1), we obtain Iγ y = Γ − γ x . Finally, if we assume that all rates of the system of interest as well as of its dual system b are non-negative, the rates must indeed obey 0 ≤ γ x ≤ Γ for all modes x.
To argue that the dual system is expected to have non-negative rates whenever the original system has non-negative rates, and thus also exhibits exponential decay, let us consider the dual transformation in detail:
• Inversion of the local energies, H →H = −H: For models with a finite number of orbitals considered here, the many-particle spectrum is finite and thus stays bounded from below after inversion of the spectrum. Thus, no problems with the existence of a stationary state can arise.
• Inversion of the chemical potentials, µ → −µ: In the wide-band limit, one effectively assumes empty reservoir states above µ and filled reservoir states below µ to extend up to energy ±∞. Inverting the sign of µ does not change this situation. Note that we do not invert the electron energies, but only the value of µ up to which the electron states are occupied.
This means that the dual model comprises a finite set of discrete quantum states coupled to a flat, wide-band reservoir described by the same Born-Markov master equation differing only in the physical parameter values. Therefore, it will exhibit exponential decay whenever the original system of interest shows exponential decay, and the parity rate γ p = Γ must indeed be the highest rate.
a For quantum master equations in which coherences play a role, the following discussion can be extended. This is avoided here, since the consistent treatment of the coherences requires a careful discussion. b In the Born-Markov limit, the dual system has the same coupling H T , cf. discussion before Eq. (4).
B. Heat-current
Derivation of the transient charge and heat current
In this section, we derive the Born-Markov limit expressions for the time-dependent particle-and heat current. In particular, we explain how to obtain the excitation amplitudes of the heat current as reported in Eqs. (7), (8) of the main article.
First, we employ the conservation of the total particle number N tot = N + N R to express the particle current into the reservoir in terms of the current out of the dot:
We insert the formal eigenmode expansion of |ρ(t)) given in Eq. (3), using the expressions for the eigenvectors given in Eqs. (S-3),(S-4),(S-5). In particular, we express the action of the operator N on the kernel W as
where we exploited (1|W = (z ′ |W = 0. With the trace normalization (1|ρ 0 ) = 1, we find
Here, N 0 (ǫ 0 ) = (N |z(ǫ 0 )) and N z (ǫ) = (N |z(ǫ)) are the particle numbers in the initially prepared state ρ 0 and in the final stationary state z(ǫ) a long time after the level shift ǫ 0 → ǫ (at constant interaction strength U and temperature T ). The initially prepared state is assumed to be the stationary state with respect to the inital level ρ 0 = z(ǫ 0 ). The single exponential decay rate is given by the charge rate
The energy current into the reservoir is in general not conserved, as the tunnel coupling itself can store energy. Therefore, the energy flow I dot E (t) = −∂ t H (t) out of the dot differs from the flow I R E (t) = ∂ t H R into the reservoir. Nevertheless, in the Born-Markov limit, explicit calculations show that
, it is consistent to treat the energy current as a conserved quantity. Thus we obtain the formula mentioned in the main article:
To obtain the energy current out of the dot, we first rewrite
where N i (ǫ) = (N |z i (ǫ)) is the average particle number in the inverted stationary state |z i ) as defined in Eq. (S-4). With these relations, the energy current is found to be
where we have identified the charge current I N (t) = −(c ′ |W |ρ(t)) as given in Eq. (S-8), and again used the formal eigenmode expansion of |ρ(t)) Eq. (3) as well as the eigenvectors Eqs. (S-3),(S-4),(S-5). Finally, for the heat current I Q (t) = I E (t) − µI N (t), we obtain the double exponential form
Whereas the charge amplitude a c already has the shape reported in Eq. (7) of the main article, the parity amplitude here has a different form. The advantage of the form given in Eq. (S-12) is that, when analyzing the coefficients in the formula for |z i ) in Eq. (S-4), one realizes that (−1) N |z i ) ≈ |z i ) for U ≫ T . This indeed confirms our claim from the main article that a p ≈ (z i |ρ 0 )U Γ is given by the overlap between the inverted stationary state and the initial state. However, what is left to show is the equivalence to Eq. (8) from the main paper, stating that a p /(U Γ) = and (N − 1|N − 1) = 2. Expanding the initial and inverted state in this basis, the coefficients are completely fixed by the average particle numbers N 0 , N i and average parities p 0 , p i in these states:
The advantage of this basis is that the action of the parity operator -required in Eq. (S-13) -has the simple effect of swapping the first and last expansion coefficients, since [(−1) N ] 2 = 1:
Taking the scalar product with ρ 0 and accounting for the non-unit norms given above immediately shows that In Fig. 1(d) of the main article, we plotted the charge amplitude a c for the specific temperature T /U = 1/10 and pointed out that |a c | 1 2 ΓU . Here, we explicitly show that within the plotted window of final level positions −U < ǫ − µ + U 2 < U this holds for all temperatures of immediate experimental interest, T ≪ U . To discuss this in the most efficient way, we note that according to Eq. (S-12), |a c | decomposes into three factors:
The only term that depends on the initial level position ǫ 0 is the initial occupation number N 0 in the modulus of the excess charge |N 0 − N z |. Hence, to determine an upper bound for |a c | as a function of only the final level ǫ and the temperature T relative to the scale U , we first have to find a supremum for the excess charge |N 0 − N z | for arbitrary initial levels ǫ 0 . Clearly, since the average number of particles on the dot is between 0 and 2, it is always true that
This means that
forms an upper bound to the modulus of the charge mode amplitude |a c |. To get an intuition about how a -19) , that is, the energy prefactor ∆E, the charge rate γ c , and the upper bound for the excess charge ∆N sup , in the limit T → 0. Multiplying the three functions, it becomes intuitively clear that 0 ≤ |a c | ≤ a sup c U Γ/2 inside the Coulomb window −U < ǫ − µ + U 2 < U . However, since the limit T → 0 is not strictly allowed to be taken in our weak coupling approach, Fig. S-1 We briefly sketch a scheme to detect the time-dependent heat current [Eq. (S-12)] emitted from the quantum dot by doing a time-averaged temperature measurement in a detector electrode (D). The idea is shown in Fig. S-2 and involves an additional source electrode (S) to refill the dot. It requires independent voltage control over the dot level position and over the heights of the tunnel barriers to S and D, in order to separate the measurement from the refilling process. Furthermore, we assume that the electromagnetic fields arising from the voltage switches themselves do not lead to energy dissipation into the electrodes. Under these conditions, the detailed pump-probe sequence is the following:
(a) At time t < 0, the dot is prepared in an initial state ρ 0 , for example with two electrons as in Fig. S-2 . The dot is initially isolated with respect to particle-exchange from both the source electrode (S) and detector electrode (D).
(b) At t = 0, a very fast voltage switch (on the time scale 1/Γ) brings the dot into a non-equilibrium situation with respect to the detector electrode by switching the quantum dot energy level ǫ 0 → ǫ (by a primary gate voltage) such that immediately after the switch, the dot is still in its initial state ρ 0 . Simultaneously, one switches on the tunnel coupling Γ to the detector D (by lowering the tunnel barrier height with an appropriate additional gate voltage) to enable the energy measurement.
(c) As discussed in the main article, for t > 0 the electron tunneling will induce energy transport into the detector on time scales 1/γ c , 1/γ p 1/Γ, described by the heat current Eq. (S-12).
(d) After a delay time t d the measurement of the heat current is instantly shut off by isolating the dot from the detector (by a voltage switch that raises the tunnel barrier to D) and attaching it to the source S.
(e) The dot energy level is switched back to its initial value ǫ → ǫ 0 . This starts the preparation of the dot for the next switch. After t restart − t d ≫ Γ the dot has again reached the stationary state ρ 0 and the system is ready to return to (a).
Repeating the sequence (a)-(e) of Fig. S-2 a large number of M times, a measurable stationary temperature rise will result in the detector electrode due to M × the energy that has been deposited in the time interval t d . By measuring this temperature rise as the delay time is varied from
, one can extract the full time-resolved heat current I Q (t).
It should be noted that this type of technique requires fast voltage control but allows for slow charge and heat measurement, and is well-established in the field of mesoscopic charge detection [2, 3] . Simultaneous measurement of the time-dependent charge and heat current I N (t) and I Q (t) would allow a detailed experimental analysis of the time-resolved effects of Coulomb interaction in the heat current as predicted in the main article. In the main article, we claim that a measurement of both the transient charge and heat current after a level shift ǫ 0 → ǫ allows to extract the parity rate γ p and the parity amplitude a p , thereby verifying γ p = Γ as well as the signature of attractive interactions in the amplitude in Fig. 1(e) . Here, we discuss how this is possible, and also point out some considerations for such experiments.
We first outline the main idea. Using the form we obtained for the time-dependent charge current, I N (t) ∝ e −γct , and heat current, I Q (t) = a c e −γct + a p e −γpt , we can write
where E(∞) ∝ a c denotes a constant with dimension energy which is to be determined experimentally.
1. If I Q (t) and I N (t) are given, from a plot of their ratio one can extract
Having obtained E(∞) · I N (t), the "tight coupling" part of the heat current, one can then construct 22) whose value at t = 0 gives a p . In principle, repeating this for various switches ǫ 0 → ǫ, one can, without fitting, completely map out the amplitude a p as shown in Fig. 1(e) of the main article. This would then demonstrate the signature of attractive interaction in the decay of the repulsive system.
Next, plotting the normalized time-dependent quantity
all data points should collapse onto a single, constant value, independently of which switch ǫ 0 → ǫ, which temperature T and which interaction strength U is considered. This would then demonstrate the exceptional restriction of the decay rate γ p enforced by probability conservation, via the duality Eq. (1) based on the fermion-parity superselection principle.
Our results provide an additional, independent check on the consistency of the description: since a p = U Γ whenever it is nonzero [red regions in Fig. 1(e) ], dividing the values of a p by the extracted value for γ p always gives the constant Coulomb energy:
The constancy of this ratio for all switches ǫ 0 → ǫ well within the red regions in Fig. 1(e) is again remarkable. This value can be compared with the values of U determined independently by standard stationary Coulomb blockade linear-response spectroscopy. Relevant to the above discussion is the more general, time-dependent ratio with dimension of energy:
From the expression on the right hand side, obtained by inserting Eq. (S-8) and Eq. (S-12), follow a few experimental considerations for the implementation of the sketched procedure:
• First, the energy levels ǫ 0 and ǫ should correspond to different charge states of the dot, such that |N 0 (ǫ 0 ) − N z (ǫ)| ≥ 1, i.e. to ensure that the amplitude of I N is measurable.
• Second, one should ensure that the time scale set by the difference between the two decay rates, γ p − γ c , lies within the window of experimentally accessible times, e.g., of the pump-probe scheme suggested in Sec. I B 3. Interestingly, our duality provides physical insight into this rate difference a and one finds that the timescale is minimal at ǫ − µ = −U/2 where the rate-difference scales as ∼ Γe −U/(2T ) , but corrections from higherorder tunneling processes should be expected. To avoid the degeneracy of rates for switches that extend into the Coulomb blockade regime -which expose the attractive-interaction features of the dual model -the temperature T should thus not be too low compared to U . a This rate difference is always positive since γp > γc, see Sec. I A 3. In fact, this time scale is set by the charge relaxation rate of the attractive dual model: by our duality (4), Γ − γc(ǫ, U ) = Iγc(ǫ, U ), which equals γc(−ǫ, −U ) = Γ 2 f − (ǫ) + f + (ǫ + U ) . It thus makes physical sense that the latter effective rate is minimal at ǫ − µ = −U/2, where it scales as ∼ Γe −U/(2T ) : here, the dual model exhibits the electron-pair (!) charge degeneracy N i = 0 ↔ 2 induced by the attractive interaction, and thus allows both an empty and doubly occupied initial state to remain stable.
• Importantly, the difference in amplitudes between the two terms in Eq. (S-25), required for a clear signal, presents no problem: as mentioned in the paper and shown in Sec. I B 2, a p ≥ 2a c , meaning that the amplitude of the time-dependent second term is always larger.
Finally, we note that equation (S-25) also indicates how the charge amplitude a c in the heat current can be extracted:
where the charge difference N 0 − N z = ∞ 0 dtI N (t) is, of course, available, and the required charge rate γ c has also been shown to be experimentally extractable in interacting systems [4] .
II. GENERAL DUALITY IN FERMIONIC OPEN QUANTUM SYSTEMS
The key result of the main paper is the duality relation (1) which is straightforwardly derived in Sec. II B using a formulation of open-system dynamics that was previously established in Refs. [5, 6] . However, to keep the supplement self-contained, Sec. II A first introduces the required background using unified, adapted notation for the reader's convenience.
A. Previous results and notation
The duality Eq. (1) of the main article concerns the time-evolution of the reduced density operator, ρ(t) = Π(t)ρ(0), where ρ(0) is an arbitrary initial state and Π(t) the propagator. As done in the vast majority of open-system approaches, we consider reduced dynamics starting from an initially factorized state of the total system ρ tot (0) = ρ R ρ(0), where the density operator of the reservoirs ρ R is described by the grand-canonical ensemble. Then, in general, the propagator is obtained by taking the trace Tr R over the fermionic reservoirs of the total system propagator, the solution of the Liouville -von Neumann equation
The Liouvillians are the commutators with the respective Hamiltonians,
•] for x = tot, R or "empty". Here -and in most expressions below -we use the same bra-ket notation [7] for Hilbert-Schmidt scalar products of the reservoir as used in the main article for the subsystem (quantum dot). In this case, for a superoperator S acting on the total system, taking the partial matrix element with respect to the reservoirs produces a new superoperator S ′ that acts only on the subsystem:
This notation has the advantage of clearly distinguishing superoperators from the operators on which they act. The duality relation (1) can be expressed most conveniently by considering the Laplace-frequency representation ρ(ω) = ∞ 0 dte iωt ρ(t) of the time evolution for the reduced density operator ρ(t) = Π(t)ρ(0). Using that this operator obeys the quantum kinetic equation
one finds
The aim of the following sections is to derive a duality relation for the propagator Π(ω) that translates to the duality relation (1) for the kernel W (ω) by applying Eq. (S-30).
Reduced dynamics in the wide-band limit
The expansion of the kernel W defined by Eq. (S-30) for the evolution Eq. (S-27) in powers of L T is the standard perturbation series of the Nakiyima-Zwanzig approach [8] , which is equivalent [9, 10] to the basic real-time diagrammatic expansion [5, 6, 11, 12] . In the main article, we apply the duality in the very simple Born-Markov limit in which W is restricted to the leading non-vanishing term in L T :
For the discussed model, this is equivalent to Fermi's "Golden-Rule" theory. a However, the new duality Eq. (1) applies much more generally. The starting point for our derivation is the recent observation that the expansion of W in the coupling Liouvillian can be drastically simplified in the wide band limit without assuming weak coupling [5, 6] . Based on earlier renormalization-group ideas [13] , this wide-band limit formulation b starts from the well-known fact that in the high-temperature limit, the leading order perturbation theory for the exact solution Eq. (S-30) is "good". More precisely, as pointed out in Refs. [5, 6] , at infinite reservoir temperature, T = ∞, this gives the exact solution in the form c W(t) = W ∞ δ(t − 0), independent of both frequency ω and the local Liouvillian L = [H, •], and results in strictly Markovian dynamics:
Here and below, we only indicate the functional dependence of the kernel W on those parts of L tot = L + L R + L T that are relevant for the discussion of the duality (i.e., the dependence on L R is not written because it is always assumed to be the same). The key advance made in Refs. [5, 6] was to systematically exploit this result and reorganize the wide-band limit perturbation theory for any finite T around this reference solution. This affords many physical and technical insights that remain completely obscured in the original series starting from an uncoupled system (L T = 0). The most fundamental example is the duality (1) reported in the main article, which was not noted yet in Refs. [5, 6] .
The main idea of our approach -as sketched in the main article -is that the tunnel coupling is decomposed as
. In Refs. [5, 6] , a renormalized perturbation series for Π(ω) was derived which is exact in the wide-band limit: it is generated by expanding the following expression in powers of L T + [cf. Eq. (S-61c) below]:
In this much simplified series, one is thus allowed to drop part of the tunnel coupling,
The derivation in Sec. II B of the key result Eq. (1) of the main article boils down to showing that this exact expression for Π(t) obeys the duality order-by-order.
Fermion-parity superselection postulate and open-system dynamics
The mentioned splitting of the coupling Liouvillian L T into its parts L T ± appears naturally when using special quantum fields d which are superoperators [5, 6] . The crucial property that makes these field superoperators such a powerful tool is that they explicitly incorporate the structure imposed on the open-system time evolution by the fermion-parity superselection postulate. We now explain at which point this postulate can be exploited.
This superselection postulate requires [14] [15] [16] [17] that every physical state ρ tot (t) and every observable operator commutes at any time with the total fermion-parity operator (−1) N +N R . Thereby, quantum superpositions of pure states with even and odd fermion numbers N tot = N + N R are prohibited, as mentioned in the introduction of the main article. Equivalently, |ρ tot (t)) must be an eigenvector with eigenvalue +1 of the fermion-parity superoperator, which applies the parity operator to both sides of its argument •:
In the Liouville-von Neumann equation
is dictated to commute with the total fermion-parity operator (−1)
a Golden-Rule rates are obtained from Eq. (S-31) when restricting it to elements connecting diagonal elements of the density operator (state occupations), which is sufficient for the discussed model. For a general overview of next-to-leading order corrections to the Golden-Rule in various formulations and the complications added by non-diagonal density matrix elements, see Ref.
[10] b This is equivalent to the "discrete-step renormalization" in the real-time RG framework of Ref. [12] . c The zero in the argument t − 0 denotes an infinitesimal shift needed when Laplace transforming δ-functions. d These fields are referred to as "causal superfermions" because the algebraic structure of physical expressions in terms of these fields expresses causality requirements.
preserve this requirement for all t. Hence, one finds (−1)
− appearing in the above wide-band perturbation expansion Eq. (S-33) exploits exactly this consequence of the fermion-parity superselection postulate for fermionic open quantum system. Namely, we can replace the coupling Liouvillian L T by
Thus, all insights that rely essentially on Eq. (S-33) as a starting point ultimately stem from the fermion-parity superselection, in combination with the wide-band limit used to obtain Eq. (S-33). To our knowledge, no other approach makes such explicit use of this principle. Hence, many of the far-reaching consequences of fermion-parity superselection in open-system dynamics have not been noted so far.
Decomposition of bilinear coupling
Based on the key step Eq. (S-35) enabled by the fermion-parity superselection postulate, the coupling can be split as follows:
In Eq. (S-36), G 
The multi-index 1 = η 1 σ 1 ω 1 labels the reservoir degrees of freedom: η 1 = ± indicates particle / hole, σ 1 = ± corresponds to spin projection ↑, ↓, and ω 1 is the electron energy in the continuous wide band. To make the notation compact, we here use the model system of the main article, namely, a single-level quantum dot attached to a singleband reservoir as an example:
This, however, does not lead to a loss of generality: one can always add additional indices to the field operators denoting additional orbitals, bands etc., without affecting the derivation presented here. The superoperators (S-37) are proper quantum fields because they obey fermionic anticommutation relations:
Finally, for the particular model system, the coefficient in Eq. (S-36) reads T 21 = √ ν σ1 t η1σ1 δ η2η1 δ σ2σ1 , which is independent of ω 1 due to the assumption of a wide, flat band with energy-independent density of states ν σ1 and tunnel amplitudes t η1σ1 in H T . The latter are defined as t η1σ1 = t σ1 for η 1 = + and t η1σ1 = t be expressed [6] 
The adjoint thus inverts two indices. Namely, q becomesq = −q, and the multi-indices2 = (−η 2 )σ 2 ,1 = (−η 1 )σ 1 ω 1 have inverted η 2 , η 1 relative to the multi-indices 2 = η 2 σ 2 , 1 = η 1 σ 1 ω 1 , i.e., particle and hole operators are interchanged.
b An essential step in the derivation of the duality relation (1) is to express the index inversion of the adjoint (G q 2 )
† in Eq. (S-40) using parity operations instead. This can be done by composing three relations established in Ref. [5] , and works as follows:
-First, consider the operator-adjoint transformation K, which maps an arbitrary operator • into its adjoint
This operation is of fundamental importance, since Kρ = ρ must hold for any valid density operator [cf.
Eq. (S-47) ]. By definition, it inverts the η index in the multi-index 2 of the ordinary fields: Kd 2 = d2. The transformation of the fields G q 2 with K essentially does the same:
This follows directly from the definition (S-37), the essence of the derivation c being that due to K(AB) = B † A † , the operator ordering is reversed in Eq. (S-37), effectively swapping its two terms resulting in a sign q = ± and a parity operation (−1)
Below, we will use that (−1) † (see below) -can always be expressed in terms of linear fermion-parity operations:
Equation (S-46) is crucial in proving the duality relation in Sec. II B.
a See Eq. (S-80) in App. II D 1and also Eq. (57) from Ref. [5] . b One should note that the superscipt index q = ± in Eq. (S-37) is not related to physical real particle / holes: this is rather regulated by the separate index η = ±. 
Applicability to fermionic open-system models
In the following, we restrict our attention to the simple model of the main article as mentioned with Eq. (S-38) . However, the notation is so general that without modification, the derivation of Eq. (1) goes through under much more general conditions: a • System: Nowhere did we use special properties of H, except that it preserves fermion-parity, as it should by the postulates of quantum mechanics. It describes the local evolution of a finite set of discrete many-fermion quantum states due to any finite number of orbitals. The Hamiltonian H can be of arbitrary complexity, including all possible multi-fermion interactions (not just "charging energy" as in the Anderson model). However, we stress that we restrict our attention to purely fermionic models H, i.e., it does not contain local bosonic degrees of freedom (e.g., as in the Anderson-Holstein model).
• Reservoirs: There can be multiple reservoirs, each with multiple bands. Extending the multi-index 1 = η 1 σ 1 ω 1 by additional band or reservoir indices takes care of this.
• Coupling: We do not have to specify any property of the coupling H T , except that it is bilinear and energyindependent. The special simplification possible in the heat-current problem analysed in the main article, namely, that it conserves spin-projection and total spin length, are thus irrelevant. Each band in each reservoir can have completely general and independent couplings to each spin-orbital of the system (within the bilinear, flat, wideband limit). The only change is that in Eq. (S-54), the last expression on the right for Γ will be modified to a different constant by summing over more bare coupling constants. However, it remains an "interface"-constant. We now write out the derivation of the duality relation Eq. (1) in the main article. As mentioned there, it follows as a straightforward consequence of the prior results established in Refs. [5, 6] and reviewed above, even though it requires some notation. The first observation to make is that this duality features the adjoint operation †. This antilinear operation, when applied to physical superoperators, is not tied to any conservation of fundamental properties: for an open system, the dynamics are not unitary, i.e., ρ(t) = U (t)ρ(0)U (t)
† [for some unitary U (t)], which implies that Π(t) † = Π(−t). An important ingredient of the derivation is to express the effect of taking the adjoint of the propagator in terms of operations that do relate to symmetries that are preserved by open system time evolution. One such fundamental symmetry is the selfadjointness of the reduced density operator ρ(t) † = ρ(t) that must hold for all times t. With ρ(t) = Π(t)ρ(0) and the operation K of taking the operator-adjoint defined in Eq. † on physical superoperators instead of the antilinear adjoint †. Just as the adjoint, this operation reverses the order of products:
† to the exact wide-band evolution propagator (S-33), . The benefit of this procedure is that while the duality is most a We note that U(1) symmetry, i.e., particle number conservation is allowed to be broken in the system and by the coupling, but we used particle conservation in the reservoirs [Eq. (S-52)]: δ 21 ∝ δ η 2 ,−η 1 . To treat mean-field superconducting electrodes, one may consider lifting this constraint, but the energy-dependent density of states in this case does not allow Eq. (S-33) to be derived from Eq. (S-27). This is an interesting future topic. b One readily verifies KΠ(t)K to be satisfied by the general propagator Eq. (S-27): using KiL x K = iL x for x = R, T or "empty", one finds KΠ(t)K = Tr R e −Ki(L+L T +L R )Kt = Π(t). In Ref. [5] [Appendix G], the expansion (S-61c) of the exact wide-band limit propagator Eq. (S-33) was explicitly shown to satisfy it order-by-order.
straightforwardly proven in the time-representation, the applications of the duality become more obvious in Laplace frequency space, e.g., if one considers the zero frequency Born-Markov limit as in the main article.
In the following, we proceed in two physical stages in the spirit of Refs. [5, 6] : first, we consider the simple infinite temperature T = ∞ limit [Sec. II B 1] . Then, we use this to simplify the exact time-evolution for finite temperatures T < ∞ [Sec. II B 2].
Infinite temperature T = ∞ limit: exact reference solution
We now first consider the simple solution at T = ∞ around which the expansion of (S-49) is organized:
Since Π ∞ is a physical limit of a valid time-evolution, it must preserve hermiticity. Indeed, it follows from the definition of the kernel W ∞ in Eq. (S-32) and
Below, we use that this also holds for the inverse Π ∞ (t) −1 = Π ∞ (−t) since Eq. (S-51) holds for all t, including t < 0. We first derive the duality (1) for this T = ∞ case. To this end, we express a W ∞ , given by Eq. (S-32), in the fields Eq. (S-37):
Here and below, the unprimed (primed) multi-indices 1, 2 (1 ′ , 2 ′ ) refer to the reservoir (local subsystem). At first sight, no non-trivial duality relation seems to arise in this limit, as the kernel is simply self-adjoint: 
This forces a shift by the real positive number
simplifying to Γ = σ Γ σ for the simple model of the main article, and an overall sign change. Using that W ∞ is quadratic in L T according to Eq. (S-32), we can absorb this sign into a dual couplingL T = iL T . With this, we obtain the duality (1) of the main article for the limit T = ∞:
Its main usefulness for the following lies in the duality that it implies for Π ∞ (t): its adjoint can be related to a dual T = ∞ evolutionΠ ∞ (t):
a See Eq. (38) and (65) of Ref. [6] . b The relation W † ∞ = W∞ relies on the fact that both types of fields, G + and G − , appear in its expression (S-52). Taking the adjoint, one permutes two fermion fields and but also interconverts them, (G q 1 ′ ) † = Gq 1 . Using the general property T 21 = T21, the original form is then restored. As a result, left and right eigenvectors of W∞ are mutually adjoint, as for Hermitian Hamiltonians of closed systems. However, for finite temperature T < ∞, no corresponding relation holds because the structure of the finite T corrections is very different: they contain only G + fields, as we will see below [Eq. (S-61c)].
As discussed in Sec. II A 5, each such multi-index sum is a sum over all indices necessary to characterize the system. For the model considered in the main article, it explicitly reads
Since the fields of the local subsystem G q l ′ (t) by definition a do not depend on reservoir frequencies ω l , the reservoir frequency dependence in the wide-band limit is entirely contained in the reservoir fields.
b Exploiting this simple fact and furthermore using that only one type of reservoir field (J − l ) occurs in (S-61c), the finite temperature duality in the dissipative interaction picture is found to take the elegant form
In addition to the dual quantities Eq. (S-58), this involves the dual chemical potentials:
We derive Eq. (S-64) from two basic observations: [KG
where on the right hand side, we now haveḠ k/2 appears:
The sign arises d by pairing up all parity superoperators (−1)
2. Under the reservoir frequency integrals and reservoir average, we are free to simultaneously invert the ordering of the fields J − , their time-arguments and all chemical potentials. We can thus write 
a Note that in perturbation theory renormalized by continuous RG transformations, the vertex operators G do pick up a frequency dependence. For this reason, it is an interesting open question if our derivation can be modified to show that the RG preserves our duality or breaks it. b Note that non-trivial dependence on all other reservoir quantum numbers is allowed for. c Notably, the sign (−1) k appears three times, and thus survives. This sign leads to the imaginary factor in the dualityH T = iH T . The sign appears once in Eq. (S-67) and twice in the derivation of Eq. (S-68) where it cancels. Up to Eq. (S-67), all expressions are valid for arbitrary initial nonequilibrium reservoir state ρ R (i.e. possibly interacting). It is only in the last step establishing Eq. (S-68) that we used that an equilibrium reservoir state ρ R is determined by the noninteracting reservoir Hamiltonian H R . This crucial property of the noninteracting, equilibrium reservoirs ultimately allows the adjoint to be expressed in forward time-evolution of some dual model in the wide band limit. Hence, to leave all pair contractions unaltered apart from an overall sign, the frequency inversion must be accompanied by the inversion of all chemical potentials µ. Altogether, this yields
For k/2 pair contractions (even k), one obtains a sign (−1) k/2 , which however cancels the sign due to the reordering of the reservoir fields in Eq. (S-68), and thereby verifies the latter equation.
The duality (S-64) follows immediately from the general structure of the wide-band limit perturbation expansion (S-61c) and the two observations pointed out above: taking the adjoint using Eq. (S-67) gives Eq. (S-71a) and corresponds -apart from a parity transformation P -to inverting all times as well as the order of the operators in which they appear. Using Eq. (S-68) to obtain Eq. (S-71b), we recover a forward time-evolution, starting at −t and ending at time Note that the dual time evolutionΠ is defined with respect to the same reservoir Liouvillian L R , but a dual reservoir density operatorρ R = ρ R | µ→−µ in Eq. (S-71b) with inverted chemical potentials µ. Clearly,Π(0, −t) I andΠ(t, 0) I are related by a time-translation (not: time-reversal!), since our total system is time-translation invariant. In the Schrödinger picture, the time evolution is equal in both cases, but in the interaction picture, a time-shift results in a shift of the reference time: This is the general fermion-parity duality for the propagator in the time-representation. (7) 2f (x) − 1 = tanh(x/2) and η 2 tanh(x/2) = tanh(η 2 x/2) for η 2 = ±. See Ref. [5] , p. 5-7, for an explanation how the field superoperators (S-37) exploit the advantages of the Keldysh formalism in the density-operator framework.
